On a Poisson manifold endowed with a Riemannian metric we will construct a vector field that generalizes the double bracket vector field defined on semi-simple Lie algebras. On a regular symplectic leaf we will construct a generalization of the normal metric such that the above vector field restricted to the symplectic leaf is a gradient vector field with respect to this metric.
Introduction
We will recall the classical case of double bracket vector field on a semi-simple Lie algebra. Let (g, [, ] ) be a semi-simple Lie algebra with k : g × g → R the Killing form, i.e. a nondegenerate, symmetric, Ad-invariant bilinear form. The following vector field, called the double bracket vector field, has been introduced by Brockett [7] , [8] , see also [4] , in the context of dynamical numerical algorithms and linear programminġ 1) where N ∈ g is a regular element in g and L ∈ g. It turns out that the double bracket vector field is tangent to the adjoint orbits of the Lie algebra g, orbits that are symplectic leaves for the canonical Lie-Poisson bracket on g induced by the K-K-S Poisson bracket on g * and the identification between g and g * being given by the Killing form. More precisely, by identifying the Lie algebra g with its dual g * using the Killing form, the K-K-S Poisson bracket on g * transforms into the Poisson bracket on g,
where F, G : g → R are smooth functions. Also, the Hamiltonian vector field associated to a smooth function H : g → R is given bẏ see [13] , [14] and [12] for a pedagogical exposition of the above construction.
In the case of a compact Lie algebra g, it has been proved that the double bracket vector field (1.1) when restricted to a regular adjoint orbit Σ ⊂ g is a gradient vector field with respect to the normal metric. We recall briefly this construction, for details see [5] , [6] . For every L ∈ Σ consider the orthogonal decomposition with respect to the minus Killing
The linear space g L can be identified with the tangent space T L Σ and g L with the normal space. One can endow the adjoint orbit Σ with the normal metric [2] , or standard metric
where X L , Y L are the normal components according to the above orthogonal decomposition of X, respectively Y .
The purpose of this paper is to obtain an analog of the above theorem in the setting of a general Poisson manifold (M, {·, ·}). For this, first we need to construct a generalized double bracket vector field tangent to the symplectic leaves of an arbitrary Poisson manifold that corresponds to the double bracket vector field (1.1) for the case when Poisson manifold is g endowed with the Poisson bracket (1.2). Following an idea presented in [3] we will construct a co-metric tensor that couples the Poisson structure and the Riemannian structure. Next step is to construct a generalized normal Riemannian metric on regular symplectic leaves such that the restriction of the generalized double bracket vector field to a regular leaf is the gradient of a smooth function with respect to this generalized normal Riemannian metric.
For the case of a compact Lie algebra g we will rediscover the geometry of the double bracket vector field, where g is endowed with the Poisson structure (1.2). We will exemplify our construction on the case of the non-compact semi-simple Lie algebra sl(2, R).
Generalized double bracket vector field on Poisson manifolds
Let (M, g) be a (pseudo-)Riemannian manifold that is also endowed with a Poisson bracket {·, ·} :
Definition 2.1. We call the co-metric double bracket tensor the following symmetric contravariant 2-tensor D :
where Π is the skew-symmetric contravariant 2-tensor associated with the bracket {·, ·}.
When α = dF and β = dG, where F, G ∈ C ∞ (M) we have
In the finite dimensional case the symmetric matrix associated to the contravariant tensor D is given by
The 2-tensor D is degenerate and its kernel is equal with the kernel of the Poisson bivector Π in the case of a Riemannian metric on M.
We introduce the generalization of the double bracket vector field. In a different context, a similar construction that used a co-metric tensor has also been given in [3] .
, the vector field
is called the generalized double bracket vector field.
The vector field v G is a natural generalization of the double bracket vector field defined on a semi-simple Lie algebra.
) be a semi-simple Lie algebra endowed with the Poisson bracket defined by (1.2). Then,
Proof. Let {e i } i=1,n be a base for g and ξ i : g → R, i = 1, n the corresponding coordinate functions. Then,
Consequently,
We have the following computation,
For the equality (**) we used the bi-invariance of the Killing metric,
Applying this equality to the three vectors e p , e α , e τ we have
On a symplectic leaf Σ ⊂ M we will construct a (pseudo-)Riemannian metric that will generalize the normal metric from the case of a compact semi-simple Lie algebra.
where ω ∈ Ω 2 (Σ) is the induced symplectic 2-form on the symplectic leaf Σ and (g
is the co-metric tensor associated to the (pseudo-)Riemannian metric g Σ ind induced on Σ by the ambient (pseudo-)Riemannian metric g. For x ∈ Σ, the matrix associated with the co-metric tensor (g
and consequently, the matrix associated with the double bracket metric τ
Note that in the case of a pseudo-Riemannian metric g the co-metric tensor (g
does not always exist. It has been proved by Weinstein [16] that locally any Poisson manifold (M, {·, ·}) is diffeomorphic to a product Σ × N, where Σ is a symplectic leaf of M and N ⊂ M is a transverse submanifold to Σ. Moreover, around any point x ∈ M there exist a local system of coordinates (q, p, z), called Darboux-Weinstein coordinates, such that the symplectic leaf Σ that contains the point x is locally described by z = 0 and z are local coordinates on the transverse submanifold N. In this set of coordinates the matrix associated with the Poisson tensor Π has the local expression
where the matrix [Π ′ (z)] corresponds to a Poisson bivector Π ′ that endows the submanifold N with a Poisson structure called the transverse Poisson structure. Also, Π ′ (0) = 0 and in the case when Σ is a regular symplectic leaf we have Π ′ (z) = 0, for any z in the domain of Darboux-Weinstein coordinates. The transverse Poisson structure has been extensively studied in [11] , [10] , [9] .
In analogy with the compact semi-simple Lie algebra case we have the following result.
Theorem 2.2. The generalized double bracket vector field is tangent to regular symplectic leaves and the restriction to a regular leaf Σ is the gradient vector field of the restricted function G |Σ with respect to the double bracket metric. More precisely,
Proof. Locally the symplectic leaf Σ is given by z = 0, where (q, p, z) is a set of Darboux-Weinstein coordinates. For an arbitrary point (q, p, 0) ∈ Σ in the domain of the Darboux-Weinstein coordinates, we have the following matrices for the corresponding tensors g, Π, g Σ ind , and ω:
which is a tangent vector to the regular symplectic leaf Σ.
The vector field ∇ τ Σ db G |Σ ∈ X(Σ) has the following local expression,
Remark 2.1. In analogy with the result in [3] , we have that for any x ∈ Σ,
More precisely, for an arbitrary x = (p, q, 0) ∈ Σ in the domain of Darboux-Weinstein local coordinates,
Next, we will show that for the case of a compact semi-simple Lie algebra the double bracket metric and the normal metric coincide up to a sign. Theorem 2.3. Let g be a semi-simple compact Lie algebra and Σ ⊂ g a regular adjoint orbit. Then
Proof. Let (p, q, z) be a system of Darboux-Weinstein local coordinates adapted to the regular adjoint orbit Σ and we make the notations u = (p, q). If x 0 = (u 0 , 0) is an arbitrary point of Σ that belongs to the domain of the adapted local coordinates system, then by Theorem 2.2 we have
By Theorem 1.1 and Theorem 2.1 we also have
As {du i (u 0 )| i = 1, dim Σ} is a base for T * u 0
Σ we obtain the equality
On a regular symplectic leaf Σ, a sufficient condition for the matrix
to be equal with the matrix [g −1 (x)] |Tx Σ×TxΣ is the compatibility condition that the Poisson bivector Π is g-parallel, i.e.
where ∇ is the covariant derivative on the Riemannian manifold (M, g), see [15] .
3 Lie algebra sl(2, R) and hyperbolic geometry
In this section we show the connection between the structure of the semi-simple noncompact Lie algebra sl(2, R) and the Poincaré open disc model for the hyperbolic geometry. More precisely, we prove that double bracket metric τ We make the following change of base
For the Lie bracket we have In this new base the Killing metric becomes
where (x, y, z) are the coordinates on R 3 corresponding to the base {e x , e y , e z }. The gradient vector fields with respect to the Killing metric corresponding to coordinate functions are ∇x = e x ; ∇y = e y ; ∇z = −e z .
Using the formula (1.2) for the Lie-Poisson bracket on sl(2, R) we have
Analogously,
Consequently, the matrix associated to the Poisson tensor is
and a Casimir function is C(x, y, z) = x 2 + y 2 − z 2 . The matrix corresponding to the double bracket contravariant tensor D is given by
Let H 2 be the upper-sheet of the two-sheeted hyperboloid x 2 + y 2 − z 2 = −1 and D 2 = {(u, v) ∈ R 2 | u 2 + v 2 < 1} be the open disc in R 2 . Using the stereographic projection with center (0, 0, −1) we obtain the set of local coordinates for H 2 , Φ :
The two 1-forms du = and k
The semi-simple Lie algebra sl(2, R) has another two regular orbits given by the connected components of the cone C = {(x, y, z) ∈ R 3 |x 2 + y 2 − z 2 = 0} without its vertex (0, 0, 0). On this two symplectic leaves the induced metric by the pseudo-Riemannian metric k is degenerate and the construction given in Definition 2.3 does not apply.
